
⑬ compute the commutator of an infinitesimal translation and a special conformal transformation.

Identify the resulting transformation.

dada
-x gwxxdx-d

sected serwireinject sec
Conformal sym, preserving: translations, rotations (ind. Lorentz) ,

scale,
inversion

.
SCT (invasion-translation-inversion)

↳ set.(b)
Sm

translation

(babb-Abba)xt = Sa(bt - 2x(b)) - On(ar)

= 2bSsn-2(5x1)(b) - 2x↑ (8x. b)

= 2bP(a.) - 2aP (b. x) - 2x(a-b) = Sys + S
---

= 2(bar-arbu) I
= wir -LORENTE -

⑫ Show that the transformations (3.14) give rise to the D=2 case of the D-dimensional

transformations in Eg. (3.7)
.

Transformations (3.14) : 2-1
: z- z - E Transformations in (37): Sat-al + whux + Nxt + box - 2x(b-x)

10 : z- z-Ez

li:z-t z- 2
2) ((S)= (9)+( )(+>(2)(b)(2+2)

- 2(3)(bi+b)

S+is = (a) + wx' + (2 + b
%

(x+ (x(4) - 2x(bx+bx))
Sz= x +Bz+yz +ila - wx + xi+b -) - 2)-7)

-yeR -in (328+ix)
-

= Sz= atixy = 1 + pk+ iy)+
=Catia) + w(-ix) + (b+ib')((x+(x)) - 2(x+ix)

= <

+ii)⑭

& show that the algebra of Lorentzian-signature conformal transformations in D dimensions is isomorphic

to the Lie algebra So(D.2) ·

For SOLD,2) ,
we have the standard result : [Mrv,Mpo) = KroMup + Zup Mro-MapMus-ToMp

↳ since Mar
=diag:MunMinjmMin-NimM-M

[Mas.Mos]= Massa + 1ppas-Mags-ngMas
[Mix, Mip] = -

DiMas-MapMij
[Mij,Mas] = O

[MijMma] = NimMix-DimMja

[Map,Mis] =

MagMpi-ZBy
Mai



For conformal transformations
, Sahatbc-2

~m=--
Generators: P D

M km
& I I I

Moi Mij Mos Mi Guess--

Intnpty = ronp+PNMU - MP N-onp[rismmn)-- ~

[P]= 2NP-CDyP (see problem 3
.1) = [MoinMig] = - MijMo, X

[MoitMi
, Moj-Mij] = [Moi.Moj]- [Moic Mil + [Mi , Moj]- [Mic . Mist

8
7

=-RooMi-Moo +RijMo-NijMo-Nihijim
= 2Mij-2hijMo

atc...
i= 2,....

D+ 1

↑ XM
= 0, ....D-1

= Mij= Nav , MaitMi = Pr . Mai-Mi = kn , Mio = Des confidesold

& Derive the OPE T(z)X(win) -EXyw
What does this imply for the conformal dimension?

-
ASIDE:

The energy momentum tensor is Tap = GaX ·-X-MashUX. UX

=> 8 Tap= (EtcX) · (aBX) + (0xx) · (68pX) - >45(0B0yX) · (0xX)-n0(62x)- (GBGgX)
emi

=&X+WotpX+2=x) . (2xx)-(0x). (0x)

-(apx)-)(aptox) = 0

=> T=Tap= Ea.6-ItxIl

-Ti+ Tzz

Doing a wick rotation: -x-ited= -d + do--fidte)" + do = d+ do

:Tab = 89 (Wal·EbX-SabS%,X:Vax) = 0 same as above -Tab=o = b,T+Tzi = o

-
2iT+ 72Tzz= &

Lieg=0aX-
Ti+Ten

Let z= Let it ,
E= Fe-is => Tzz== (i)()T+)+ ()()TE

Te= zlz+)
.

0=-E)
=+T) = o

=>Tz=/
= (a+)/
=(0+iz)(TP - ziti - T)

e

x
+a, T

=at-a+ 2ant?) + =) 26,Ti + OTi-OnTz
=-

-
exact u/ radius of convergence

Operator product expansion (OPE) :

0(E)0j(w)=z-wE-)Outwin) X

↳ statement about operator, other operators further awaythus we really mean
X

time ordered-=[Ok.



-

Tzt==it=GX+G-2xx) - 2i8,X82X - 82X8uX+x+enx-anx)
Il

aEx=(0,
-i) X·(0,- ize)X =(G,X.X- Exaux-2: 8,4.82X)
-

Moralea

-> technically only their combination

A symmetry is such that : I'= * + ES leaves both actiona measure invariant : S[= S[4]DG= DO

Promote E-*E5)
,
then 0x(f)=-(4+2S4) = 0x4+ 2084 + 1892)84

z- (ppeSt = (D(p+264) =S54+266]

DP = Det(ii)DP) ↳
Sy=l = (doS2

= etrA Da =84+( = forg(20F +(4)
·8004)+80 -(org()

originasymmetais is
Noether current

x(= (dug 2xFX

= (apetexp)-S[P7-22) = (Dpe
= (Dest](1-322) = z ↳ now includes contribution from S&DK ·

.
x Oz

= (DestO((32) = 0 - + 29b = 0

~ Os x Ou

-
Time ordered correlation function for various operators: <O

,(5) ... On(on)=/DeSt970.10) ... On(in)

Under the symmetry: 0: Oi + ESO:

Choose Eld) St.O then Othesame way as above
.. (DST(()(0) ..On

⑤3
=> <2x3(8) 0, (5) ...On(En)) = &

↳) write this as za3c = 0

6. 0,+ ESO,

Now consideOr then O ,
the sorrelationfunction
=D(3...)(600.

=>(20....On = -T(80)0...On) WARD IDENTITY

28

WARD IDENTITIES FOR CONFORMAL TRANSFORMATIONS
--

~X dS
=n

In 2d
, we can use stokes' theorem : (do-di(do:d8)

T
Idoad bane -M

= (3,da2 - -zdt) 3= =(3,-132)=+ite] z= ets z=t-is

&E is = =(z - z)
= f(3z+ jz)(z)(dz- dE) 3= 3z+ 3 i]2= Jz- 3z S do=z-z)

02

-i(bz- je)(z)(dz+dE)
32= i(3z-i]z) do=(dz-d]

=--zzde = -iJadz-Jzde
2E



The Ward identity becomes:JE)0,(a)..) -d()=S(( -x]= z]z + 53 =0
-

(850. +Sa0i] => Iz holomorphic
& anti-holomarphic

And thusodz J,( = -Res
↳Residue theorem works

↳ 31z)0,(win]=...essww) + regular termso & dzf(z) = 2iRes(f-zu)
For the above

~Sal==-Re-re, (0)]
sonformal current

=-Re-re,

Pe An operator O is said to haveeight (h) if under Sz= Ez and SE= E
,

O transforms as

so = - a(no + z00) - z)n0+50)

Classical: T1z) =-XaX ver/propagator/2pt corr .

-

Quantum: T(z)=-:X: -him(axin)-)

From S=fds daxoX wi com x= 0,

o =(x = (D)-) = (DXS)-*) -x TEX) = 0 Ehrenfest thu: the exp . value of operators must

obey the classical com.

For the propagator ,
we consider

o =((ex(r)) = (Dx((x()x(0) + f(0-a) -x + 8X(xX(5)) = - 2π5S(0-84
--

&XX(0(X(5)) = - 2TX8(5-81)
Using the standard result : 61n(-8" = 4 S(0-2)

&<X(5)(5)) = - 2815-51)

6(cen(o--y2) = 4πc8(8-8)

=) <X(5DX(8) = - > In(0-8
-)3

X(X(0) =- In (0-0(
2

+ ...

In K
,
we have the com 25x = 0 => X(zz) = X(z) + FIE)

and (0-0) = (2-wh = (z-w](E-w]

x(z)X(w) + E()[(n) + mixed =n((z-w(E-l) = ->z-w)-n(-)

= x(z)X(w) =
- &In(z-w]

Then5z/zEwY(w)) = -zdw[X(z)X(2)) =-zen Inw) = -*-h
mtakeit

func.

time
ordered,a rdered corr.

↑ inside time

T(z)8X(w) = (-: (x(z)8X(z) :)ax(u)

E
Wick

fluta =fir+
a)=

a=z-w

+(7)= f(w)++..=
-



finally...

T()X(w,5) = ( -j=0x(7)2x(z))(x(2)+E(w) = -/7)-
8x(w,) = - R32[zX(4) =

-
= O

, T=
= For XIW.wh ,

We have (hin=o
⑮ i) Usethe results of the previous problem to determine the OPE of TJz) with: EXT/W.L,XTIW)

,
SX/(WW)

·(x(w) + E(w)) = &XSW)

Y T

TeXIW.) = /-: xX(z)*X(z):)exIn) = -aX1zX(z)8X(N) + 00.

=)+==
f(w+ a) = f(w) + a7f(w)+ ...

a=z-w + f(z) = f(w)+ (z-w)ff(w)+.. .

↑X(w) = ( - : 8X(z)2X(z):)GE) = ...

↳ contraction is ze

flagin.) =( = 01)0X())aX(v) = -Ea
& ii) What do these results imply for thesonformal dimension (h) in each case?

&xw
,w) = 8X(W) : (h.h)= (1.8)

5(wi=(5) : (hm) = 10.
17

2x(W) = 2122 : (hin) =K

⑳ show that [x]=[,n)=mySmin.o &]= 0 by using the OPE of OXTIZE) and EXTIZE).

closd string solution: V=x+-)+1 in ↑ vi= =x+1 pt(t+) + IbZ-zintT
wicke E

z=
2(t-i0)CEntto a =-ilsoltidi

-Inz =ti
Ne=-Ebolnt

=-El--
him w-

For fl=Zahl-ceD . anParm Shah+=Pan = 2. (tm) 17-4=out

Thus
, f(z+b)=f(z) wiz= c b= z-c TAYLOR EXPEF

fz)= 2 =Z=dax

an=dwaxin &m=e,d)



[.]=[dzz), fdw unoxw)]

=win-Olidwarca#121 > Iwl (w/ > /z)

dataum⑳ ↓Xz
fixz(

,

& - ⑫w

=azzmfdw whe =ziznRes, z)=zendt
N # ...

= 0 M+-120

S= o Mtn-1 < O

-
for Man= O

, nyResle")Smthio = n Sri
for man--1

, nMRes() Sman
.-1

= O

similarly for Xm+ne-1

⑫ Consider a conformal field Ez of dimension hand a mode expansionG=
Evaluate the commutator [Lm.En].

THE= ZLmEM- > Lm=En E=fdw
=dz T(z) zm+

=iduath-1

Ir[m.En]=i (mmdwn(z)() -b
+

doGNT(z)
12/> IW) (w(>/z)

2

-Tidzfm+ fdw whth- +1)(4)=(dzzm(dth) may
↑ ↑

=i)fdz(Res(h) +Res

=ifdzzm/n(n+h-1) zn+h-

2(12) + han+h+

g(z) + 2n+h-GE)

=fdz h(n+h-1) zm+n +h-

G(z) + (+1)zm
+n+hy(t)

--
-

V
= (h+1) (m+n +h) zm+n+h -1

((z)

= h(n+h- 1) Em+n
- (n+1)(m+n+h)Em+

=-h-hm--- m-n - h)[m+

- (2n-(h+1) m- n)Emth / messed up the order of Wat ,
since we have T1w) we want to do the odz integral first

↳ sorrest answer (m(h-1)-n)



⑳ Let (z) be a holomorphic primary field of conformal dimension h
,

as given above. The conformal

vacuum satisfies [10) = 0 for n-h
.

Prove that 1)=-10) is a highest-weight state.

-
ASIDE: TONG 4 .5.3

suppose El St . Lol =h(f) & [0) =[lef) ,
than Lohn) =10 + Inbol) = (n-n)Inlet

(0-n)(n + 0 ↳ if/noraisecreate
gy

For the spectrum to be bound below
,

need a primarystate : (n) =Inl) =0n> 0
·

11

-ghest-weightstate

(nI) = (nEnloy = [LnEn]10) +nLn(0)

=

(n)h-1)Th +

E0 kn-

-lo
Un-n > -h

=>An> &

In=

En

& (i) Calculate the 2pt. functions 101Gi(zE)Cj(w,(10) for an arbitrary pair of primaryfields wy conformal

weights (hihi) taking into account that the Virasoro generators LokL the inandout vacua 10) 201.

Since (n10) = 0 Xnz-1
,

we have that [0l[Ln,01/0 = 0 for n= - 1
,0,

1

* &

⑫
wer

Consider first primary
in

[In.41z)] =farm=) +Rep)

= h(n+)z"((z) + zn+

-((z)

Let GijlzE,win) = Tolkie)#;Swin)107 .

Then,
for L-1,

<ol[L-4(4,(2)]10) =Tol[10) + 100([di10) = (+ ow)G(z,w) = a

=Silz] 84jw)
let u= z-we v= z+W (0z+ Ew)G(z) = 20Glzw = 0 =) GAGWT

=> Glen =Glzw)=
G= Glai

= Glz-w]

For Lo,

<[10) + told([Lo, p/10)
--

=hig;
(2) + z0ki(z) =hij(w)+warj (w

u=z- w

yv=z+w

= (hi+hj+ z0z+ wow)G(z-w) = (hi+hj + z(0u+)+w(bu+-))G(u) = (hi+hj+ utu)G(u) = 0

=> uG) = -(hith)G)-( = -Cith)( (n(a) = - (hith;) en(u) + x = en(ci(hith;)
=> Gijlz-w) = (ij (z-wThirh;



For L 2hzfiz) + 284:127

X

<[L,4(z];
(2)10) + 10141z)[h4;(wi] 10)

= (2hiz + 2hjw)Gijz-w] + (28z + Wn]Gijlz-w Ozkjz-wjhihi) = - Chithisw
= 2)hizthiwij+ (hith))-z+2)= ·)) = + (hithi)n(u+z)(w-z)

=> 2(hizth;W) - Chithi)(z+w) = hizthjw-hiw-hiz = (hi-h) z- (hi-h)w = (hi-h) (m)=0

=> hi=hj

Therefore
, GiltwE=dis

an othonormal bas an

⑳ (i) show that in a unitary CFT
, ie. with positive definite Hilbert space,

the central charge satisfies (10,

and h of primary fields satisfies ho.

Hermitian Hamiltonian => unitarity
Tap=aXGBX-Elabbat-28x

H= Te = (8+x)" + z)-(e)+ (82x)) =( X)+=(4) - = TzzTE =Len + Eneino-

It = 1 =) [in= L -n

consider

/
[LmLn]= (m-n)(min+m(m-1) Smitho

[P[mL-n]10) = <41(2nLo+(n-1)(k) = (2nh+n(n-1)=p14)

[PLnh-n1k) = /L-n1)/ = o
↳ for n= 1

,2h

Tollnl
_n(0) = 401[nh-n)10) =(10)=any non-trivial IFT has ei

↓

& (ii) show that h=h=0 if and only if (4) =10) .

n=n=0 =) (4)=0: Lo(d)= h() = 0 Fold=(4) = 0

Lu(k) = on> 0

need to check n=- 1
>

<H,-14) = +(.L:(14) = 2n +(d) = 0 = L-1 = 0
-

# = 10) =) h=n= 0 : Lold) = Lo(o) = 0 => h=0

Falk) = Colo = 0 ==
0



⑬ Verifythe expression (12,x) = -22(65-6)+1) by computing the OPE of The with itself.

-
ASIDE: TONG 5.

2 interpretations of conformal symmetry: -vedbackgroundsymmetrybackgrounda symmetry

String Theory

Classically: TC = 0 but in the quantum theory <T&) = - ER

↳ different values for backgrounds related by a Weyl transformation.

-> Need C=0
,

even though we saw thatao for non-trivial CFT .

·Rated gra z=DgDxSpay[xg) F↳ physically distinct configs ,

divide by rol of gange action

FADDEEV-POPOV METHOD

Two gange sym: diffeomorphisms Way gab(5)-g( =e2w() gy(0)

Spse . We integrate over the gauge orbit of ,
then at some point

S
=

g

(p3S(g-g3) = E=(g) (dxS(fxx) =i
Weyl anomaly means that our original theory fails to be gauge invariant

,
we will show that App also fails to be gauge invariant

, BUT

manages to cancel the original failure in certain circumstances
.

zt]= (DgDX eSpoy[Xig1=DJDdgFrtg]f(g-3) eSpay[Xig] =/DSDX Afp[q3]eSpoy[xig3]
↓

invariant under diffeomorphisms
Sinvariant under Weyl V DX , Afp invariant

under WsylX

If everything conspires such that it is invariant ande both differ. Will , then

Eig]=/DJDXfig]eSpay[Xig] = (DX vipIg]eSpoly[Xig]

3
↳[1= (DXDbDC

Spayig]-Sgdb
-> Ghosts cancel unphysical gauge dof

., leaving only the D-2 transverse modes of X& Unlike lightcome quantisation, they achieve

this in a way that preserves Lorentz invariance.

In the conformal gange , gap= eSas ,
the ghost action simplifies even further

=e



z = 5+15 Z= 01-752

= a = z(z+z)k= E(z-E)
8

=> do= Eldz+de) & do=dz-d) ,
do = dondo=d-dzde + denda-de)

=Id=idzud
traceless

bap
*c =beztettbbeze , be=(b)bu()(b

=g(d()' +(dry) dz+2dzdE+dEY) = i(bu+b2) = o

ezw
= 22z

- (dZ-zdzdEtdEe, 6) -gap=ze() , g=2)
4)

=> Ghost action : Synast=dobepz(babe
Mir=gin(gmk+ Ongme-Emque)

Nowside. Verge dezie

=(Upg
=g(ge-beged) = 0 x= z

,z

=> Sghost=zb + BEST Weyl invariat is

com.
Eb= 25=5c=z=0

-> The energy-momentum tensor of Sgrost is: T(zT= 2017b + clab) TIE)= 2(c)5+(5)

We find the OPE in the usual way.

=(DDSgnaty() =(DDot)-+) b=
b5c -- lb+ clEb)

A

O =fabDesg)(bDeg)ba= 2S(-0)

UsingEl=28(z)pref"
flo= (df(t,E) 5(zE) INCREDIBLY HANDWAVY

Conside
. (dz fize)(e) = -fazfizi)) = -(dz(fze) = -odz f

Enfazibin)) = 28(z-w) =) Clbin=

-=
+ --.

T for ghost inatheory: T(z): 2: (*(11)b(z): += <(z)(7b(z)):

1 M A #
TEST(W) = 4: 8xz7b(z):: 8c(w)b(w): + 2: <(z)blzy:: <(w)b(w): + 2 : Clzb(z):: -x(w) blwi: +: C1z7]bIz7:: <(witb(w):

- -E - - W
--

= + 41acbIW)) <bLETECIW) GETCblat = Ewp quibc()
- 4 : x(z)b(witbizw)]

+ 4 :b(ze):Ez)b(W)) Garzb(U= Ezow))=Gz) =)=



=b)+

-2(w)+b:)+b
-

f(w+a)= f(w)+ aff(w) + zazf(w) + 198f(w) ,
a= z-w

-)(z) = f(w) + (z-w)*+(w)+,z-w/gf(w)+- -

T= 2: 82 b : +: &D:

=ww &T = 2: 82 b: + 2:8czb : +:85b: +:<b:

- - => 2:7cb: + 3:23b:+: S&D :

--4-
-44

-

&=--)-b.
·web:)bts:)- 2(: Gbc:)+actb:) -2bi)+bac+web) + (: @bc :))

-
-

ASIDE:

-
achieve c=0.

we simply need some Cft with c= 26
,

for example 26 free Scalar fields.

⑫ Verify the property Q=0 of the BRST charge by anticommuting two of the integral representations

and using the various OPEs.

-m65x = 0=X= 27 =0ASIDE:

== z=0

The full BRST action is: Sa=fdz (2aXm + be +bac) - energy-momentum tensor T(z)=Tx(z) +Thclz)
-

-=b=0 =-7b

↳ no anomaly because OPE of T w/ itself has no central charge ,
or rather ex+ Cyc= 26-26= 0

.

Remaining BRST symmetry: SX(z)=cat Since= nE

Sb(z) = nT = n(T*
++9) 85)= ni

Sc) = 100 Sl=n

Check:

S5q-(dz 20(8x) ·X + 20x ·:(SX) + (5b)5c + b5(54) + 165(x + 56(82)

= (otz 26(ycx + nex)x + 28x. 5)ycax + nix) + (nT)c + bincx) + (nT)a+50(n)

=(d2·xEx+ 24X.X+X.X t nTc + nTgcnbctcnbee

+ 27cEXX +2+X+ 2vX + n+Tn5s



= (dztxx)+Xox) +In+ n( 2bc +b

(-25+ 25

+ bac
= nbckebccnn

+55c
Y

= (az /-2bac-abcsibcbc-25-GFFs (
--

-

-b)
-

=-a(bc)

= o

SS=0 = 87 = apFm

By Noethe's tha. We have a conserved current E=p+sud=-u454
s - (dz(2axxm + bc+50) = um(p) = 0

·MS2 = - a(bcc) -Elbt) J

((z) =S+S+x+x++b + b

on-stell
= 2Xycax + 26x yax + o + byca + nbc 3 3

x-be-cTxt
: beac Toit

Consider (0.Q) = 202

100=zdwjdwjwj=b

1zk IW/ 1wk(2)

=dzpdu jzjaw) -dwodzjzjaw) jzjca)=-j(wj(z)⑭
=i fodedz jazzjew

j(z)jiw= (C(z)Ti(z) +: b(z)c()fasz.)(((w)Tx(w) +: bew)screeni.)
- ong-

currently missing -sp.

chard. 23/1012025


