
⑪ consider a massless supersymmetric particle propagating in D-dimensional Minkowski space-time.

It is described by D bosonic fields XP(t) and D Majorana fermions fit). The action is

So= (dt(Xm-ipfr)
(i) Derive the field equations for X and 4t.

SSo=(dee(s) be+ ja() - ilspilzefir-ifransport
--

+ i bypr (Spir)
= (dz-zX(8x*)- 2i (Spilbefor

=-=&=-zie
(ii) show that the action is invariant under the global suposymmetry transformations:

sig & Sup=E

·S.
= (dt-EXm(ip) + 2:84/ext)
= fat tisgempr-istexicet-

(iii) Spse. that S, and S are two infinitesimal susy transformations wy params. E, and 22.

Show that [S..82] gives a t translation by an amount St .

Determine St and explain why St is real .

[S
.Sc]x) = 8.(:<4) - Slip) = 122)) - is, (2Xt) = -129Xt + My+8) = X((t)+ StXP(5)+...

==-is②
[S.Sp = S./zEX1) - 8

.(59,+x1) = =26/is,4)-20(24) = - is,super

St
*

= (ig,2)
*

= (i)
*

(9,2)
"

= (i)(22) = 19 = -isen = S

=

& To make susy a local symmetry, we include an auxiliary field e and its fermionic partner,

5.= (dzrx-ipi
(i) Show that Jo is reparameterisation invariant : S=EX, sp=3yr , Se=(e),

Sa=-(32)
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-iepi
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= (dt()-e 3yryr) + zi2(e " 3xym) + o =0
(ii) Show explicitly thatSo is invariant under local susy transformations

Size Set-ins ,
Stre

,
Se= -ide.

So= (de (teXxm+ iXer-ifr)
85.

= (dz(-ze(se)Xm + eX(8Xr)-ie(se)Xer + ie(s)+ie"X(54)xieX4(8) +2is) - isit
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(iii) show that in the gauge e=1
, t=0 one recovers So w/ the constraints: X= 0

, Xe = 0

EOM: C: -zexyp-fert =04:xiep = o

=
50(e=,x=0) =(-X-ip=

& consider quantization of the superparticle action in Problem 4.1 .

(i) Show that canonical quantization gives the equal - (anti) commutation relations

[vin &144=+

SorfdX-ip. - pr===4

By definition
, (4 p=

= (x)[= nmuantum) [in
Similarly

. Pet= Mr
= Spi=/tuantum' Perrin Es
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(ii) Explain why this describes a space-time fermion.

↓(t) describe position dof
. & (1) describe spin dof .

-> since yepr,pl= nt we have a Clifford spin algebra - form



(iii) Explain the significance of the constraintsX=X. += 0 in 4.2.

↑= p = 0 =c massless particle

4.X = 0 = spin is transverse to momentum .

⑭ show the invariance of S=-(an +Tpc4-Brt) under

s= Eft , spi = pece + bis
,

si=po,4
-

NOTES: pppopo= -2

D'po + pop' = c

↳papp) = 2naB = (i) p
= (id) , pix() · F=p, Majorana : Pripo

St-(d F=do4-
+ 4G-4+
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.
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+

+ yx)
Y ↑ II

S5=-(d0(-288 - SX + 89x4 + 59aSp - 24. SB) E4 = x+ipo4 = (x - x+i))(i) = i)x -y + x
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For X=0
,

-
LHS= :(c+4)(d)(2) = if4z+ xx) ~ ip=Happ= - NippePa
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-
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-
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⑮ Derive the mass formulas for states in the R & NS sector of the RNS open superstring.
-

NOTES:

RNS string: Tap= acXmaX +psUc4h-Itrace) Energy-momentum (translation)

=-ppm)aOBXr Supersurrant (susy]

Bosonic Be are the same as before. For fermions
,

5) - (08(p-0+4-
+ 4+

0
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SSf - (d= (p+84+
- 4-54)

-

- (4+84+
- 4- S4)

=0

↑

Spenstring

Each end needs to vanish separately-Convention
Let Pilo= Ple ,

then there are 2 casas for the other end:

· Ramond boundary condition : 4= 4/5=n Gives rise to space-time fermions

a Prajorana condition -> din= du

* Neven-Schwarz boundary condition: Pilsen = -Poi Gives rise to space-time bosons

-
Closedstring

There are two possible periodicity conditions: 41(5)= I(+) which can be applied separately to left bright moves

For right movers :

=[dzint or patio
-

-- --+-
z & 4 sectors: NEINS,R,NIRR NS

St. bosons St. fermions

and for left movers
,
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nET ret+z-- --
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-
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-
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⑰ Consider the RNS string in 10d Minkowski space-time.
Show that after the GSO projection the NS &R

sectors have the same number of physical degrees of freedom at the 2nd massive level
. Determing the

-it
form of the states in the light-cone gange.

NOTES: Light-cone gauge

Asector

EMinirbrbr-,akbilak ona

10
,k)=k10

,k]

↳Mk)=ninbrb-k)=k Taco

A excited state: bi10.k) 8 dof
.

=) massless vector of 50187

=> xM2(biz10.k)) = 0

=Zinbrbbianb
= G

Erbirn(k) + o

= -ans=o = [10,k)

R Sector
-

& M = Zin*n + Endindnlok) = &lo
,k) = omo

ooo
-

Toolof

T1000
#B : (+(+J

=> [20001+ [0 1 001 + 10000] -[T] +500 + jo002) + Tool + To
↑

1"Toota --

=35- GravitinaSpinou

NS-NS NS-R
Shform asion 2-form

↑Full spectrum... tachyons...
no space-time sasy.-- Gliozzi, Scherk

,
Glive

x
To turn this into a proper theory,

we need to project the states (GSO projection)

G-parity operator (NS sector): G =+ = (1) Tbirbi
chirality

-> lod equivalent of Dirac matrix Jo ↑
IRsector): G= (1) dingin wi M = Nota. (M= 0

, Ph= 0
, Ne==4

aso projection= (Thesparity
in

Nsettoa Pe = z(++ m)

↓

dependingastate

Spinor chirality
konvention)

Nsector now. (1)
**

10:k) = 7-120
*

10:k) = - 10.4) X- need odd number of b

7
F+

b. 1218) = 71 bil = binlay



Exercise 4.10 : spinorspinor
-

NS: & sector ↑ u
level o : GSO projected away

levels: · massless It7 . 17 : Gl= Mt = H) V G =NF% = - 1- X

I: massless 1 Gx=(+) = ↑(1)
* xi(+) = 1+7 V Gxix = - 1) X

1 : G30 p- a G di
-1 +) = 4)1)'di|+) = - 1+)X - v

-

·Neil ,Bib_8x

=.d
or total = m

-

VS Sector
,
N=5/2:

.Blo (5)= 56 Librbnblo 8156 = 448 nicbrl(B8 = 288

xizb210764

bibib-31108x= 224 dabizizlos ou

i
b

-512/07 8

-
vector

Total: 1152 =125
R sector

,
N= 2 : did)(5)+8=8

08 = 36+ 8 = 288 x21+)8x8= 64

xidil- 8x8x8 = 512

didi1+ (2) + 8 = 28x8 = 224 d
=
21+7808 = 64

Total

⑱ Given a pair of 2d Majorana spinors4 prove that B=-(ESAB+ EPc4pEB+ EP34(P2)aB).

Want to construct a complete orthogonal basis
. Consider

↑
F

: w=(i) po=(i) p = (46) p3= p =(,) Sclearly complete

#F : H= (d)jo
check orthogonality : Tr/

*

F) =28

Trivially ,
if I=] TrIPFFF)= 2

If It]
. TV I" =Tru =TrA53 = 0

Trp'= Top pi = 0

-
Trp'By = 0

Anymatrix can be written as Mar=Zittab Zhan=) = 2e = es=ZabtarFit

= Mar=ZZindicated =Zipher



TaFr= ↑c*p(8an8dB) =NE*ap()p)=ESAB8an + ExadataPEB+Exactapa
⑲ Derive the NS-sector Lorentz transformation generators in the light-come gauge.

Do Show that Eqs. (4.131) and (4.133) lead to the mode expansions of Ln and Gr given earlier.

Ns sector:

(4.131) Tilz) = -2axe) ·amaz)-epriziquie = Zine (m=Zinet-n · Aman:++):b
--Amar:

(4.133) TF(z)= zifizieXmaz) =Z31 ↑ Gu==Zinc b
-

RNS string action: S=-(0xmay + Tc4r)

Wick rotate:i dride,i

=dade(igeeXm+88am-ipepr +prop)
↳Eig

,
zeetid

,
-is = jen(z) ,

Exit = jen(z) = 2= Yenz +In = In 20= [lnz- jenz= ent

Yde
== penza=en

dz= 2zde-Lizdo & de= LedE +ziedt

=devidodetid d=dododend
G

6=5 = 228 + 2EG -Edende
=

-i88 = - 2iz7 + 2ij dzud

sEX · -EX = 4(z8X+ =x) · (tax +=x) = 4(z8X-2x + 2zE8X.X + EX.X) S 16zZ2X.IX

Gox· OuX = - 4(zax-zEX) · (zaX-EX) = -4 /ZaXEX-2zE.X +zEX.EX)

-i tr=p = 144% 1275 +2) (
↑ps4=

1447i)( 3 4Ez454 + 428424
+

=>(44)(z8-5)(4) = -24 +2 +2+4 -ce+

conformal transformation:

↑ F
= ==(j(bx8Xx +45+x24t) = -(dz(2xx.x++ O(z,E)+E

.
)=(h

-(SX.EX)- 2SX.05X + 25(ax.(x) -250x . SX =(S4) ·54 + -34.54 80 = -h(78)0- 578

2x=c

For ZEZE
,

SS=(dz(20(*x) ·5x +20X=(SX) + = (84) . 84 + [4-:(84) + 5 (84) - 04 + [50(4))
- (dz-26(2ax) ·Ex-2ax. (20x)+

= (dz-2(09)Ex·Ex-258X.X-2(82)2X. 6X- 2984.E2x+
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=(dz--4%4 p.54-78034. 4 - 11024.84-524044054-12685-EEEEGE
-.



= (dz--0(p -(4)+4. 54 =7622454 - 11524.84 - 20(97-24)

= (d(in)/zo
- n=2

Tcy.

(

=Zen Tplane(z) = zTparelit

Tplane (7) =Z,
t = -i G==ide

-usy Transformations: S =y = 18-st)i(i)() = - is
-E + is+4 z=[+is

,
E=I-is

spi = pacXiaomix() + 1460x() T= z(z+z) .
0 =(z-z)

=filt) +jiX b= (6+(5 = 0 + 585 -18 +18

= /20X&
S= :2++ Se = -Liz+*X

65 - (d(20(8x) ·Ex + 20- 5(x) + j(sp(54 + =45(4) + E(ST05 +F2(π))
= (dz 20(i2+4) ·x + 20xlis+4) + 1)-2i2+*X) ·04 + =4.572:2+2x)

--
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Tila=28X8X-E484 X= c+isa
--

"pize Jim(t-a)
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Wick4
=(pm(c-is)

-
-m(t+it)) = z(z

-m

+ E-m) w/z= eti - T-is = In(z)

[+ is = en(E)

Y(z)= x+pt(enz+ 1nz)+[imton( m+ z-m)

Ez=-Zimm-me m-

NS:

+ZebraiFrederi=b=i a=Trbzr

TB(z)=-2: 2x. xX: - : 4 .04:

:+:brbs: Swir-s-=d*-2:Zmnmoun zim-n &
k-m-n-1=dwZmin: Am. An: w +:brbs: She
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,

Lu= O For k-r-s= -1 .de w =

k m-n-1=1
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,
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: Io
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=
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+ Zabobs Skosa
-

2TbrsTibsis
-

=Z: b
-s barkti: (Stk+1 =2:bb.s: 75)

=[
, ): b-sbs+k+: (x+k+1) + :b

-s
. bu+s+(s))

-Z,stkatibi
Tr(z) = zipox =Zoetis ,

for fiz=Zanz ,
an=Pd

n + -r- 3/2

&=i didZibsn
↑ ↳ for -s-n- y=- + S+ 0-n +z

412=ZbrEve, EXE
Z X

⑪ Using TB and TF , verify that (4.134) holds for 2=10.

(4.134) TELE)TECW)-++...

n-> n+1

General OPE: OilElO;IW) = Zn(z-w,E-) On(win)

·can=-EZmn--

o

22 Toulo =Zomnomsmnom==
M,nEX n

-

=]bbrew-
& Tolbubalo= Zolbubo = Iso-brisET+z

4(22X(2) =Z:

&Tolbremo) =ombrio

-2112

# T 1

↑(2)Tz(w)= - 4 : zX(2):·PwExsw): = - 4 : 40X42X: -4 : HaX42X: - 4 : 40x40X:

=>4 - 4-4:X

4)(w+ a) = 4(w) + ab4 + za8y+ ... (X(z) = -X(w) + (z-w)5X(w) + --

a=z-w

↑(7)= 45w) + (2-

w-p+ z(z-w)-H+--

m.

-+4)-e



⑮ Show that S= Smatte + Sghost is BRST invariant
.

208X.x +26.Ex +84 .54+4.S4 = Spot

Sy
= - 48. Ex

S.25x Sbc-Ebse

S =(d 2xxx+ =4.4 + =j - of + bc + Jo + Br + 305

=/dz-28xEx+4.54 + b+ By +-

25=/ dz - 4(8x) ·2x + (54) ·54 + (5b)5c - 5b(SC) + (8B)5j - EB(88)+ ghost
Tr+Teghot

- TBTB
X

=Ifdz-axetiAzib
--

= 2457XE +24 ca·FIX
=> - 44CEX·GX =2njEGXoX

=ifdz6xx+ 1164 ·54- incop:4-En454--

=
=
-+zix+2 in+)

- zinj +.2x-284-x=T

diz - =b Newc +bny-Epycay + +Byf8c + y)-2bx + cob-pa- =88B) + y(-2bu+B + Ex)E= n)
b: bj2:

=(dz ( (
- -

+Bajac)
&&Enpo-Boo

&

-
ne+je

&

+Tags Eypaje-npsze
+zyBywa--

-
⑪ Consider the ghost contributions to the super-virasoro generators in the NS sector.

(i) Work out the made expansions for ghost contributions to Ln and Go impliedby

sams as 4.10 mi Tighostatt

&hard. 21111125


