
⑪ Show that the action S=-m/d -m/dtT, is invariant under a reparameterization
of the world line .

-xTs)= MET- =T = M(T+

d)=

The Do brane = susy point particle (point partist in Minkowski: 3=-m/d) sofds = s=-mafds =-mid
Introduce anti-commuting spinor coordinates

↳want to generalise this
.

=-mid-
otact w/ A= 1... ail

.....
2
PR for Deven and spinou= dirac.

Define = dayt-Effe,of a= 0, ....p

↳To is invariant under sasy,
thus make sagy action by XP-t

S=-mid· It's invariant under : global super-poincare local diffeomorphisms of world line.

↑ Mi= Not, ...
,

Mi = 1
, [Ti, T =O

In lod,
W=2

. For Majorana ,
0 = '+ W=(+)00= =(1-4)0

genero++ y- m)0

·-= G

= ite

= Err = ENTE -> M= [PoN...)" = N... Not = (a) (n8) ... (4)

= No (Na ... M)
Conjugate momentum to XP is = Not, (g...M2)

=(mt)(Xm-rr) E(Nq...]

=Moto2(X-ENO)
and cor for XM => + No

...Na

55,
= - m(d)"28(81)(X-Etp) = in= 0

Prp=
~ Majorana: Ente =-Ext

cor for : 5)ett)= sort(s) = 21

SS.
= - m(dee)-Fat 27 (88)(X- EN0) => p . 48 = O

E
(pmi)(pun)g=prptit=pet)p =pmou

no fermion dynamics

Spse.
com arc (P.N+ MM) 8 = 0

,
then (PNMM)"=R+ D+P + m =P

-MM, P.T

can achieve this by Sc= -mfde M,

-

S=-mido-m/let(t) ,d
↓

·



& In order to obtain a non-trivial massless limit of eg. (5.21) ,
it is useful to first restore the auxiliary

field e(t) : (i) Re-express the massive Dobrane action using ect).

(ii) Find the massless limit of the DO brane action.

(iii) Verify the K symmetry of the massless Do brane action.

For normal particle S=-m/dti .
5=(dz(e+X- me)

Note
,

second turn above does not need to be redefined
,

because for m= O (P.N + MM) % = R. TG which

youcanjust get froma

Consider ,

5=(dt(eTo#-me) -mfdi
85=dt-Tottose-mise Metattoo =

=(d)-

-
nin+

1/2 EzTm,...n
O,⑬ Prove that for a pair of Majorana spinors &,G : E

,N...MnO = (-1)

- unitaryI [C= 4+ No= 1 = 1-ro)Tog

Dirac matrices: (P,My =2/1 , Majorana ConditionC , Charge Conjugation CNC

LhiralSta

( (494% = -2 = (4) = - CToC=N = =(N
=> no = - (4* = - (pot

= Cr - for this to be

runn

CiC = NM (-t) = - NT" = - Mi

0,O2= -O2f,
= TER-

=-=-= 4= T

-

Ex. 5.
1 : Etro=tot =-=to- XT

↑
p....Mu

= Tripp...Trn]=gns Moc- -Toch

...n= (Tot...e =-= 2 (1+2+... + 100=0
if

Mi = i
,

(1) " No Min...Mi ~... (n-1+ (n - 2) +... + (- (n-1) = 1+ 2+... + n-1 + w=i=
↓ -

n-2
distinct M

n(n+1/2 - 2
= y-yyyn

+1/2
if 2 M: are the sameTh.....M,

= commute twice = (1)

if some pito
.T



5.↳ Derive the relevant Fierz identities for Majorana-Weyl spinous in 10d and use them to prove that NdOdEMdo = 0
.

lod: 0000
- 100010] dim= 25" = 16 - For Mo

,
the basis for M has 76: 16 elements

&3 spinor-odd 2

todditi & :OSTod-3 = Toda - o

Too,toudi= [02 +to+5.d . 5-form

= = 120

= 2=9 + 7 = 126

Fiert transformation identity:- jmp.Umm

⑮ verify that the action Su=(e=Prep with t=MdO-dOY-CONDO

is invariant under susy transformations.

-
ASIDE:

In typeA : Net = (*** In type #B: No= et w) A= 1,2

The natural generalisation of the Nambu-Goto action is not k-invariant -> needed to decouplehalf dof of G
.

-

Sto-diet)-So =-=-jart

↳ symmetry: Streets-setet Ste=-stacSt*

Mort

For a

p-braneSnaturallyhastheformof an integral of a (pt)-for,ea

=fa=drop

To make the symmetries manifest
,

we formally introduce an additional dimension byconsidering t= des. If M is the string worldsheet

= Ident(not
invariantundumnative

&D=M

There are 3 one-forms that are susy invariant: do do? and" =-do -12 should be a Lorentz inv . combination :

es=(dd-d
-



Sta
,
S=Yet

·S= s)/m) = s)(2)= 1 ariant
by construction

M

⑯ prove the identity[Mm,Pol = -24pTra+ 24maNup + 2Purpo.

Tru = z(++- MTr) = M -

MMv Mut. pol = 2upo Mups-Musp +map-upp
X = Mupo + (prpo-2mr)+ (p-po-2pt) + (-m+2)(- po+2)

MY,pul = (Mr -yan-pa -Mpa) = (mupa)-(po -(pu ,ypa) + (1mv-4p) = 4Mupo-4ruo-yup + 4 p
= Em, pay-21pupt-24pamm + 2 pulps

= 2Trupo + 2trup

= Mupo +par-24mpa-2p + 24pp + 2p-/+
-pap

-

(p-pump+pu + open
-

---3) 4mup-po-
+ 4 mpor-4-4mp +4 Mpou

= -mpra + 2mpt =

Mrpa -24op +24p
-

+ 4orp-porp-4 o+ Pop
nnm

+ Pupmo-4pma-4upmo + 4upmo

+ Propm-4pm-Prop + Prop
-T

+ 4por--+4pm)



& (i) Show that tr (F-F) is closed and gangs invariant.

(ii) show that for the local expr . tr(F-F)= &Wy = W3= to(A-dA+ ZAvAvA) .

(iii) Similarly toF"= dwz.
Find Wa

-DEGange Anomalies and their cancellation .

When a symmetry of a classical theory is broken by radiativecorrections, such that there is no choice of local counter terms.

the symmetry is anomalous.

-> anomalies that break a global symmetry: good

-> 11 local gange symmetry: bad

in some rep.

↑
# . A Lie-algebra valued p-form A

, locally looks like A= AJ=A...rp
doch' ...daj

↑ Lie algebra ekm .

For Yang-Mills gauge fields: A= AJdt
↳ Iformpart

The field strength is the commutator of covariant derivatives Dr= Or+ Ap :

Fruce = [DMiDulc

= (Op+Am)(ac+An) - (Mtv)

= My + (Grt)y+A04)+4) + ArAn() - (ptv)

= (Opt - -Ar)( + (Artv-A-tr)y

=> Fru= (ApA--Ertr) + [Ap.An]

dt = d)Ardx) = Uptdxtdx = =(Opt-GuAr)daid

ArA= (Amdat) - (Audx) = Antu (dxtd) =(Art- A-tr) damdx

=> F = dA + AnA

A gaugs transformation is a local transformation by a matrix g(eG: (p= gin()

We want De to transform in a similar manner-

D'cj = g(D()

(d+A)(g() = g(d+ A)q

(dg)y+dy) + Agy=y+ g+
g= 1+ 1

= dg+ Ag= gA = A = gtg" - (dg)g g = 1- 1

= (1+ n)a(z)- 1) - (d(m+1))(z-1)

= A+ 1A- A1 - d1 = A- [A,1)- d1 = A- SA

y= gy , De= g(Dy) = D(g'q) = gD = Dg = D = gDg = F = (D) = gFg = (1- 1)F(1+ 1) = F - 1F +Fr = F - [F]
- SnF



Gravity is described in an almost identical manner. The spin-connection one-form

↑ fund. rep of Lorentz alg.
w = was]"dat

Eigange fieldfora

e ym
The survature 2-form is R= dw + wow

Under an infinitesimal local Lorentz transformation: Sou= dE + Tw. @) and SoR=[R,@]

characteristic classes are special forms that allow us to calculate topological invariants (ints) by integrating local field strengths .

let At= (1-t)Ao+ -A, tE50,1]

(*) dXR,F) = 0 ~
Consider M= Mxto-11 then

dX = 0=(x= (A) -(= QA=QJus
[*) SnXIRIF) = SoX(RiF) = 0

e
.g.: tr(Fn... 1F) & tu(Rv ... uR) Polynomials of these

-
Bianchi : DF = dF +[AF1 = 0 = dF= FrA-Auf

E
(i) d(trEvF) = tu(dF) -F + tuFu(dF) =2trFndctr(fufra-F

(trf-F) = trF'nF = tugFg - gFg = frggf =t
2nd Chern class

(ii) tr(F) En
,

since dtr(F-F) = 0 =) tr(F-F) =duChern-Simons
3-form

dwz=(AndA + zt - A-1) = davdt - A z(dAvA-A - AudAvt + tvt-dt)
tr(F-F) = tr((dt+ A-A) - (dA+ A-A))= to(dArdt+ aA+Ad +A

2dAnAvA X

(iii) trF" = tr((dA+ Ava)") = to((dA)" + 4dA- A + 6 (dAY -A + 4(dt)"-A +)
= str(at) : a (dAv ...

- And --) = 7adA-Ab = a=

S
Was tr(bAdA) : b5A(dAl"-bdt =) b= 5

w+ tr(ctdA)) : c 3A(dt)

-otv(3(a)):e(
⑮ check the identity: TreiF=(treiFy-treiF=(trcosF)"-tr cos2F

,
for SOLN).

-
ASIDE: partitionfunction, picks up a phase under

-- anomalous symmetry: z[A9] = eixig.A)
zIA)

-racterizationof Anomalies: not really living in D= 2n.

↑M & Lorentz anomalies in D=2n are encoded in a characteristic class that is a (2n+2)-form
, Fantz ·

The physical anomaly is characterised by a 2n-form Gen as

y8= 2n+ So

·eff= (Gan Wi Fant = &Wanti and SWanti = &Gan

The total anomaly is the sum of contributions from each chiral field Izn=Fitz



Every possible anomaly contribution I (usto Alvarez-Gaume Witten)

64 Left-handed Weyl fermion in prepresentation of iM gange group :

DivacRoofGenui Chern Character
--

I in(R,F) = [A(R) top eiF]2n+2

+:ect 2n+2 form

whereR=i Wi di ar the eigenvalue two-forms of the curvature:-))
= 1+8trR + To(tr + tra) + ...

(*) Left-handed Weyl graviting, always a singlet of any in group:

Is(R) = (2.j2 coshdj-1)[ti ilz)
(#) Self-dual tensor

FAIR) = -LIR) w/Hirzebruchtucin
i

The fields of opposite chirality have the same terms but wh opposite sign.

A useful identity is:

(r(2)=E(r)

(T1000+toot)"=2000+6100+ 10000 + 2510017 + 2[0010) + [0002) + [000) + 1000)
↑

In type IIB
,

there are 2 left-handed Majorana-Weyl gravities & 2 right-handed Majorana-Weyl spigors and a s
.
d . boson.

The total anomaly is given by the 12-form part of : IIR) = 1312(R) - [12)R) + FAIR) = 0 (A.-G. W .]
10001A : NOT CHIRAL/LOGOIA : SHIRAL

#t(A)= VA+ G

Em V

In type I ,
we have (510001+10001)(10001 = [20001+ [01001+[00007 + 50017 +Tool,

so the anomaly is

(I32/R) - I
,z(R)]= -(Ia(r)= i)(r)),2

w gauge contribution

is[LIR)]i2 EARUtrad;eiF]i2 Tritradj tr = Erfund.

-en-character
factorization property : tupp. eiF =(p, eiF)(trp,ein)

[looo (2000) + [01001 + [0000]

(treif)" =

treeTitosymz eiF = z((eiF(+ treiz)
TreiF=teiF)" -

Brig
= Asym(g)+ =(g)

-(g) = Xsym(g)
-

xn(g)
uswap op .

ijit)gg)(i,j) =jilgogli,j) =

gijgji = trig's



⑪ (i) Using YtrcosF-164) obtain an expression for Yu.

(ii) Apply the descent formalism to obtain a formula for G, in Go= 2GzYs

-
Aside:

#-F = tulfodd) = a

The type I anomaly can now be written as ↑
~ TreiF=(treiFttreF=)=I= FAIRLTreiF + To LIRI]

12

= tv (1-) =tr cost

- ztrcos(2F)
= [E(r)(tocosF)"-A(r)tv cos2F ++(r]]12

↳ of 6th order in Rs andF's

22.4 ,8.16,
32 ,

64 4.16
,40+24= 69

,
256

For the 12th order term: I=I=*IR)(tocosF)"-R12)+OcxF+((m)

16 442256
which we can factorise

, 42
-

I =JereucosF-1))
=(r)(trcosF)" - I M)trosF + 256 ((R14]

= A(R12]

There is no choice of N St. [I]=[I]z
=0

,
but onesan introduce a counter-tur that cancels the anomaly IF

[I112 factories into the product of a 4-form and an 8-form
.

Apriori ,
Y is a sam YotYn + Ypt ..., but if to vanishes we indeed have [F].2=[lo+...(21

,2

= Zigis

YNN-IN-N= 32 = So(32)

we can write =

Fro
place↳

oundary of string
Worldsheet (D-brane)

Then the anomaly contrib. from distinct topologiss are

-
↓==

+T ↳
-

(i) Y=TtrcosF-16=(AR)trCOF-32 &[ii= 2448 = [ini)
Ar = I+(RR) = H+tur +-- trodF = tr(+-F+ - -) = N-[trFh(ER))

-

= 1 - TtR+

=5
= Y = z)1- -trR+)))R+(tuF) - 32 (l+antR+.-·])

= N- [trF + 8 tuR
⑮

=-tra+ -)(12)-r)



[ii]

The anomaly polynomial [IzER
&+ satisfies dI= 0 kSI= 0.

- has to vanish/cancel for theory to be consistent
.

1 anomaly variation Goth" descents from this as In=dI & SI= &Go.

dtrR=0 =dtrF2 chern-simons 3form

Y
Since i=trr"-trF) ,

din =0 and locally we have int day

=> W= (Wi-War) St. dry= turdwz= trF

Using the libnitrat in reverse: Lin8= 2(d)Yp = 2 d(wbYe)-2War = [I= In = In = 2 wy-Ys

AX

to A"-Atte,tr)bac... = G
Now

, using the fact that dan= &W = 8((w3-wail) + +)8w32-swor) = tr(Tb++4
+9) =- datin ...d

dwzy = trF = tr (dA+Art) - (dA++ -t) = tr(dA- dt + dA-A- A + A - A- dt + t)) = tr(dA- dA +2dtt))
= wzy = tv(A-dt + =Ai)

Under an infinitesimal gange transformation St= D1 = d1+ [A.1) ,
so

8wzy = tr(SAudA + A-d(8) + 2(ba)- 12)
= tr(sa-da + d(t-St) - da-fa + 28t - t))
= 2tr SAnF + dto SA-A

= 2tr(d1 - F + A-1-F - 1 - A -#) + d tr(d1-t +-- A -x t))
#Al=d

= (dtrF+-

·

for Gar

-

attin

&hard.
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